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A space X is said to be selectively separable (= M-separable) if for every sequence {Dn: n ∈
ω} of dense subsets of X , there are ﬁnite sets Fn ⊂ Dn (n ∈ ω) such that ⋃{Fn: n ∈ ω} is
dense in X . We show that the Pixley–Roy hyperspace PR(X) of a space X is selectively
separable if and only if X is countable and every ﬁnite power of X has countable fan-
tightness for ﬁnite sets. As an application, under b = d there are selectively separable
Pixley–Roy hyperspaces PR(X), PR(Y ) such that PR(X) × PR(Y ) is not selectively separable.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All spaces considered here are assumed to be regular. For a set X , [X]<ω is the set of all ﬁnite subsets of X . The symbol
N is the set of all positive integers. The symbol D is the discrete space consisting of the two points 0 and 1. For a Tychonoff
space X , we denote by Cp(X) (resp., Cp(X,D)) the space of all real-valued (resp., D-valued) continuous functions on X with
the topology of pointwise convergence. Unexplained notions and terminology are the same as in [11].
Deﬁnition 1.1. ([5,6]) A space X is selectively separable (= M-separable) if for every sequence {Dn: n ∈ ω} of dense subsets
of X , there are ﬁnite sets Fn ⊂ Dn (n ∈ ω) such that ⋃{Fn: n ∈ ω} is dense in X .
Selective separability was ﬁrst introduced and studied in Scheepers [24]. A family B of nonempty open sets of a space
X is said to be a π -base if every nonempty open set of X contains some member of B. Obviously every space with a
countable π -base is selectively separable. Juhász and Shelah [14] showed that, if X is compact and every dense subset of
X is separable, then X has a countable π -base. Hence among compact spaces, selective separability and the existence of
a countable π -base are equivalent. There is a countable space which is not selectively separable [6, Theorem 2.18], and
Cp(Dω,D) is a countable selectively separable space which does not have a countable π -base [6, p. 28].
In this paper, we study selective separability of Pixley–Roy hyperspaces PR(X). For a space X , let PR(X) be the space of
all nonempty ﬁnite subsets of X with the Pixley–Roy topology [19]: for A ∈ PR(X) and an open set U ⊂ X , let
[A,U ] = {B ∈ PR(X): A ⊂ B ⊂ U};
the family {[A,U ]: A ∈ PR(X), U open in X} is a base for the Pixley–Roy topology.
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Proposition 1.2. ([9,22]) The following statements hold:
(1) PR(X) is zero-dimensional, completely regular, and every subspace of PR(X) is metacompact;
(2) PR(X) is separable if and only if X is countable (i.e., PR(X) is countable);
(3) PR(X) has a countable π -base if and only if PR(X) is second-countable if and only if X is countable and ﬁrst-countable.
Proposition 1.3. ([16]) The following statements hold:
(1) For spaces X and Y , PR(X ⊕ Y ) is homeomorphic to the topological sum PR(X) ⊕ PR(Y ) ⊕ (PR(X) × PR(Y ));
(2) for spaces X1, . . . , Xk, PR(X1) × · · · × PR(Xk) can be embedded into PR(X1 × · · · × Xk).
For a space X , let 2X be the hyperspace of nonempty closed subsets of X with the Vietoris topology. Weston and Shilleto
[29, Theorem 4.5] showed that every dense subset of 2X is separable if and only if 2X has a countable π -base. Hence 2X is
selectively separable if and only if it has a countable π -base.
2. Selective separability of PR(X)
A space X is said to have countable fan-tightness [1] if whenever An ⊂ X and x ∈ An (n ∈ ω), there are ﬁnite sets Fn ⊂ An
(n ∈ ω) such that x ∈⋃{Fn: n ∈ ω}. According to [5], a space X is said to have countable fan-tightness with respect to dense
subspaces if whenever An is a dense subset of X and x ∈ X , there are ﬁnite sets Fn ⊂ An (n ∈ ω) such that x ∈⋃{Fn: n ∈ ω}.
For a space X , a family P of nonempty subsets of X is said to be a π -network at x ∈ X if every neighborhood of x
contains some member of P .
Deﬁnition 2.1. A space X has countable fan-tightness for ﬁnite sets if for each point x ∈ X and a sequence {Pn: n ∈ ω} of
π -networks at x consisting of ﬁnite subsets of X , there are ﬁnite subfamilies Qn ⊂ Pn (n ∈ ω) such that ⋃{Qn: n ∈ ω} is a
π -network at x.
Lemma 2.2. For a space X, the following are equivalent:
(1) PR(X) has countable fan-tightness;
(2) PR(X) has countable fan-tightness with respect to dense subspaces;
(3) every ﬁnite power of X has countable fan-tightness for ﬁnite sets.
Proof. The implication (1) → (2) is obvious.
(2) → (3). Fix k ∈ N and a point x = (x1, . . . , xk) ∈ Xk . For each n ∈ ω, let Pn be a π -network at x consisting of ﬁnite
subsets of Xk . We take an open neighborhood Ui of xi such that Ui = U j if xi = x j , and Ui ∩ U j = ∅ if xi = x j . Let A =
{x1, . . . , xk} and U = U1 ∪ · · · ∪ Uk . Since the subspace [A,U ] is open in PR(X), it also has countable fan-tightness with
respect to dense subspaces. For each n ∈ ω, we put
Dn =
{
F ∈ [A,U ]: there is a member P ∈ Pn with P ⊂ (U1 × · · · × Uk) ∩ Fk
}
.
We observe that Dn is dense in [A,U ]. Let B ∈ [A,U ] and take an open neighborhood [B, V ] of B , where we may assume
V ⊂ U . Since (U1 ∩ V ) × · · · × (Uk ∩ V ) is an open neighborhood of x, there is a member P ∈ Pn with P ⊂ (U1 ∩ V ) × · · · ×
(Uk ∩ V ). Let F = B ∪ p1(P )∪· · ·∪ pk(P ), where pi is the projection of Xk to the i-th coordinate. Obviously F ∈ [B, V ]. Since
Fk contains P , P ⊂ (U1 × · · · × Uk) ∩ Fk , hence F ∈ Dn . Thus [B,U ] ∩ Dn = ∅.
There are ﬁnite subfamilies {Fn,0, . . . , Fn,kn } ⊂ Dn (n ∈ ω) such that A ∈ {Fn, j: n ∈ ω, j  kn} in [A,U ]. For each Fn, j ,
take a member Pn, j ∈ Pn such that Pn, j ⊂ (U1 × · · · × Uk) ∩ Fkn, j . We observe that {Pn, j: n ∈ ω, j  kn} is a π -network
at x. Let W1 × · · · × Wk be an open neighborhood of x, where Wi is an open neighborhood of xi such that Wi ⊂ Ui ,
and Wi = W j if xi = x j . For the open neighborhood [A,W0 ∪ · · · ∪ Wk] of A, there are some n ∈ ω and j  kn such that
Fn, j ∈ [A,W0 ∪ · · · ∪ Wk]. Then we have
Pn, j ⊂ (U1 × · · · × Uk) ∩ Fkn, j ⊂ (U1 × · · · × Uk) ∩ (W1 ∪ · · · ∪ Wk)k = W1 × · · · × Wk.
(3) → (1). Let A = {x1, . . . , xk} ∈ PR(X) and suppose A ∈ Qn \ Qn for subsets Qn ⊂ PR(X) (n ∈ ω). For each i  k, take an
open neighborhood Ui of xi such that Ui ∩ U j = ∅ if i = j. Since [A,U1 ∪ · · · ∪ Uk] is an open neighborhood of A, we may
assume that every Q ∈⋃{Qn: n ∈ ω} satisﬁes A ⊂ Q ⊂ U1 ∪ · · · ∪ Uk . For each n ∈ ω, put
Pn =
{
(U1 ∩ Q ) × · · · × (Uk ∩ Q ): Q ∈ Qn
}
.
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We observe that each Pn is a π -network at the point x = (x1, . . . , xk) ∈ Xk . Let W1 × · · · × Wk be an open neighborhood
of the point x, where we may assume Wi ⊂ Ui . Since [A,W1 ∪ · · · ∪ Wk] is an open neighborhood of A, there is a member
Q ∈ [A,W1 ∪ · · · ∪ Wk] ∩ Qn . Then
(U1 ∩ Q ) × · · · × (Uk ∩ Q ) = (W1 ∩ Q ) × · · · × (Wk ∩ Q ) ⊂ W1 × · · · × Wk.
Thus Pn is a π -network at x.
Since Xk has countable fan-tightness for ﬁnite sets, there are ﬁnite subfamilies {Qn,0, . . . , Qn,kn } ⊂ Qn (n ∈ ω) such that
{(U1 ∩ Qn, j) × · · · × (Uk ∩ Qn, j): n ∈ ω, j  kn} is a π -network at x. We observe A ∈ {Qn, j: n ∈ ω, j  kn}. Take an open
neighborhood [A, V ] of A, where V is open in X and A ⊂ V . Since (U1 ∩ V )× · · · × (Uk ∩ V ) is an open neighborhood of x,
there are some n ∈ ω and j  kn such that
(U1 ∩ Qn, j) × · · · × (Uk ∩ Qn, j) ⊂ (U1 ∩ V ) × · · · × (Uk ∩ V ).
Since Qn, j is contained in U1 ∪ · · · ∪ Uk ,
Qn, j = (U1 ∩ Qn, j) ∪ · · · ∪ (Uk ∩ Qn, j) ⊂ (U1 ∩ V ) ∪ · · · ∪ (Uk ∩ V ) ⊂ V .
Hence Qn, j ∈ [A, V ]. Thus PR(X) has countable fan-tightness. 
Lemma 2.3. ([5, Proposition 15]) A space is selectively separable if and only if it is separable and has countable fan-tightness with
respect to dense subspaces. In particular, every separable space of countable fan-tightness is selectively separable.
Now we characterize selective separability of PR(X) in terms of X .
Theorem 2.4. For a space X, the following are equivalent:
(1) PR(X) is countable and has countable fan-tightness;
(2) every subspace of PR(X) is selectively separable;
(3) PR(X) is selectively separable;
(4) X is countable and every ﬁnite power of X has countable fan-tightness for ﬁnite sets.
Proof. (1) → (2). Let Y be a subspace of PR(X). Then Y is a countable space of countable fan-tightness. By Lemma 2.3, Y is
selectively separable.
(2) → (3) is trivial.
(3) → (4). By Lemma 2.3, PR(X) is separable and has countable fan-tightness with respect to dense subspaces. Hence X
is countable by Proposition 1.2(2), and by Lemma 2.2 every ﬁnite power of X has countable fan-tightness for ﬁnite sets.
(4) → (1). This follows from Lemma 2.2. 
Corollary 2.5. If PR(X) is selectively separable, then we have the following:
(1) For every k ∈ N, PR(Xk) is selectively separable;
(2) every ﬁnite power of PR(X) is selectively separable.
Proof. (1). This follows from the equivalence of (3) and (4) in Theorem 2.4. (2). By Proposition 1.3(2), the k times product
PR(X)k of PR(X) can be embedded into PR(Xk). Since PR(Xk) is selectively separable, PR(X)k is also selectively separable by
the equivalence of (2) and (3) in Theorem 2.4. 
Let Sω be the space obtained by identifying the limits of countably many convergent sequences. This space does not
have countable fan-tightness. Therefore PR(Sω) is a countable space which is not selectively separable.
We consider how to ﬁnd a selectively separable PR(X). According to [23], a space X is said to be Menger if for every
sequence {Un: n ∈ ω} of open covers of X , there are ﬁnite subfamilies Vn ⊂ Un (n ∈ ω) such that ⋃{Vn: n ∈ ω} is a cover
of X . Every compact space is obviously Menger, and it is well-known that the space P of all irrationals is not Menger. For
a set X , a family U of subsets of X is said to be an ω-cover of X if every ﬁnite subset of X is contained in some member
of U .
The following fact can be easily checked.
Lemma 2.6. Let X be a set. If U is an ω-cover of X and X /∈ U , then every ﬁnite subset of X is contained in inﬁnitely many members
of U .
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(1) Every ﬁnite power of X is Menger;
(2) for every sequence {Un: n ∈ ω} of open ω-covers of X , there are ﬁnite subfamilies Vn ⊂ Un (n ∈ ω) such that⋃{Vn: n ∈ ω} is an
ω-cover of X .
Lemma 2.8. For a space X, the following are equivalent:
(1) Every ﬁnite power of X is Menger;
(2) Cp(X) has countable fan-tightness for ﬁnite sets.
Proof. Arhangel’skii [1] showed that every ﬁnite power of X is Menger if and only if Cp(X) has countable fan-tightness.
Hence it suﬃces to show (1) → (2). Let Pn (n ∈ ω) be a π -network at 0 of ﬁnite subsets of Cp(X), where 0 is the constant
function with the value 0. For each P ∈ Pn , put U (P ) =⋂{ f −1(−1/n,1/n): f ∈ P }, and let Un = {U (P ): P ∈ Pn}. Each
member of Un is open in X . We observe that Un is an ω-cover of X . Let F ∈ [X]<ω , and take the open neighborhood
[F , (−1/n,1/n)] = { f ∈ Cp(X): f (F ) ⊂ (−1/n,1/n)} of 0. Then there is a member P ∈ Pn with P ⊂ [F , (−1/n,1/n)]. This
implies F ⊂ U (P ). Thus Un is an ω-cover of X . If X = U (Pn j ) and Pn j ∈ Pn j for inﬁnitely many n j ∈ ω, then {Pn j : j ∈ ω}
is obviously a π -network at 0. Therefore, without loss of generality, we may assume X /∈ Un for each n ∈ ω. By Lemma 2.7,
there are ﬁnite subfamilies {Pn,0, . . . , Pn,kn } ⊂ Pn (n ∈ ω) such that {U (Pn, j): n ∈ ω, j  kn} is an ω-cover of X .
We observe that {Pn, j: n ∈ ω, j  kn} is a π -network at 0. Let [F , (−r, r)] be an open neighborhood of 0, where F ∈
[X]<ω and r > 0. By Lemma 2.6, F is contained in inﬁnitely members of {U (Pn, j): n ∈ ω, j  kn}, so there are some n ∈ ω
and j  kn such that 1/n < r and F ⊂ U (Pn, j). This implies Pn, j ⊂ [F , (−r, r)]. Thus {Pn, j: n ∈ ω, j  kn} is a π -network
at 0. 
Theorem 2.9. Suppose that every ﬁnite power of a space Y is Menger. If X is a countable subset of Cp(Y ), then PR(X) is selectively
separable.
Proof. Since Cp(Y )k (k ∈ N) is homeomorphic to Cp(Y ⊕ · · · ⊕ Y ), every ﬁnite power of Cp(Y ) has countable fan-tightness
for ﬁnite sets by Lemma 2.8. Therefore every ﬁnite power of X also has countable fan-tightness for ﬁnite sets. Hence PR(X)
is selectively separable. 
Corollary 2.10. Let Y be a compact space. If X is a countable subset of Cp(Y ), then PR(X) is selectively separable. In particular,
PR(Cp(Dω,D)) is selectively separable.
3. Selective separability of PR(X)× PR(Y )
Bella et al. asked in [6, Problem 3.7] whether selective separability is preserved under ﬁnite products. Babinkostova [3,
Corollary 2.5] noted that under CH (the continuum hypothesis), there are separable metric spaces X , Y such that Cp(X) and
Cp(Y ) are R-separable (hence, selectively separable), but Cp(X) × Cp(Y ) is not selectively separable. Under b = d, Repovš
and Zdomskyy [20, Theorem 1.2] showed that there are separable metric spaces X , Y such that Cp(X) and Cp(Y ) are
selectively separable, but Cp(X) × Cp(Y ) is not selectively separable. Under MActble , Dow and Barman [10, Theorem 2.18]
gave two countable selectively separable spaces whose product is not selectively separable. Moreover, under CH, Gruenhage
and Sakai [13, Example 3.2] gave two countable R-separable (hence, selectively separable) maximal spaces whose product
is not selectively separable. So far as the author knows, it is open whether a counterexample of this problem exists in ZFC.
Under b = d, we show that there are selectively separable Pixley–Roy hyperspaces PR(X), PR(Y ) such that PR(X)× PR(Y )
is not selectively separable.
Lemma 3.1. Let K be a subset of Dω , and let U be an openω-cover of K . Then there is a family {Vn: n ∈ ω} of open-and-closed subsets
of Dω such that {Vn ∩ K : n ∈ ω} is an ω-cover of K which reﬁnes U .
Proof. For each F ∈ [K ]<ω , take a member UF ∈ U with F ⊂ UF . We take an open-and-closed subset V F of Dω with
F ⊂ V F ∩ K ⊂ UF . Then V = {V F ∩ K : F ∈ [K ]<ω} is an open ω-cover of K . It is known in [12] that every ﬁnite power
of a space X is Lindelöf if and only if every open ω-cover of X has a countable ω-subcover of X . Therefore, since K is a
separable metric space, V has a countable ω-subcover. In other words, there is a sequence {Fn: n ∈ ω} of ﬁnite subsets of K
such that {V Fn ∩ K : n ∈ ω} is an ω-cover of K which reﬁnes U . 
Lemma 3.2. Let X be a space with a unique non-isolated point p ∈ X. If X has countable fan-tightness for ﬁnite sets, then every ﬁnite
power of X also has countable fan-tightness for ﬁnite sets.
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Xk has countable fan-tightness for ﬁnite sets at the point (p, . . . , p) ∈ Xk . Let Pn (n ∈ ω) be a π -network at (p, . . . , p) of
ﬁnite subsets of Xk . For each P ∈⋃{Pn: n ∈ ω}, let P# = p1(P ) ∪ · · · ∪ pk(P ), where pi is the projection of Xk to the i-th
coordinate. Then {P#: P ∈ Pn} is a π -network at p ∈ X of ﬁnite sets. Hence there are ﬁnite subfamilies {Pn,0, . . . , Pn,kn } ⊂
Pn (n ∈ ω) such that {P#n, j: n ∈ ω, j  kn} is a π -network at p. Then {Pn, j: n ∈ ω, j  kn} is a π -network at (p, . . . , p). 
We recall Nyikos’ construction in [18]. Let 2<ω be the full binary tree of height ω (i.e., the set of all ﬁnite sequences of
0’s and 1’s with the extension order ⊂). For s ∈ 2<ω , let l(s) be the length of s, and for k ∈ ω, let 2<k = {s ∈ 2<ω: l(s) < k}.
Let K be a nonempty subset of Dω . We give a topology for the set 2<ω ∪ K as follows: every point of 2<ω is isolated, and
a basic neighborhood of a point f ∈ K is of the form { f } ∪ { f |n: n k}, where k ∈ ω and f |n is the restriction of f to the
domain n. Since 2<ω ∪ K is locally compact, there is the one-point compactiﬁcation 2<ω ∪ K ∪ {∞}. We denote by S(K ) the
countable subspace 2<ω ∪ {∞} of 2<ω ∪ K ∪ {∞}. For k ∈ ω and F ∈ [K ]<ω , let
C(k, F ) = 2<k ∪ {s ∈ 2<ω: s ⊂ f for some f ∈ F}.
Note that the family {S(K ) \ C(k, F ): k ∈ ω, F ∈ [K ]<ω} is a local base at ∞ in S(K ). It is easy to see that S(K ) is ﬁrst-
countable if and only if K is countable.
Remark 3.3. A space X is said to be bisequential if every ultraﬁlter A converging to a point x ∈ X contains a decreasing
sequence {An: n ∈ ω} ⊂ A converging to x [17]. It is easy to see that every bisequential space has countable fan-tightness,
and bisequential spaces are preserved by countable Cartesian products. Hence every ﬁnite power of a bisequential space
has countable fan-tightness. Since S(K ) is bisequential: see the proof in [18, Corollary 2.8], every ﬁnite power of S(K ) has
countable fan-tightness.
Theorem 3.4. For a nonempty subset K ⊂ Dω , the following are equivalent:
(1) PR(S(K )) is selectively separable;
(2) S(K ) has countable fan-tightness for ﬁnite sets;
(3) every ﬁnite power of K is Menger.
Proof. The equivalence of (1) and (2) follows from Theorem 2.4 and Lemma 3.2.
For s ∈ 2<ω , let 〈s〉 = { f ∈ Dω: s ⊂ f }. For simplicity, for A ⊂ 2<ω we put 〈A〉 =⋃{〈s〉: s ∈ A}.
(2) → (3). To show that every ﬁnite power of K is Menger, we use Lemma 2.7. Let Un (n ∈ ω) be an open ω-cover of K .
By Lemma 3.1, we may put Un = {Un,m ∩ K : m ∈ ω}, where Un,m is an open-and-closed subset of Dω . Moreover, to avoid
a trivial case, we may assume K ⊂ Un,m for all n,m ∈ ω. Since Un,m is open-and-closed in Dω , there is a nonempty ﬁnite
subset An,m ⊂ 2<ω such that Dω \ Un,m = 〈An,m〉 and min{l(s): s ∈ An,m} n +m.
We observe that Pn = {An,m: m ∈ ω} is a π -network at ∞. Let W be an open neighborhood of ∞ in S(K ). Then there
are some k ∈ ω and F ∈ [K ]<ω such that S(K ) \ W ⊂ C(k, F ). Since F ⊂ Un,m for inﬁnitely many m ∈ ω by Lemma 2.6, we
can take an m ∈ ω with n +m  k + 1. We have An,m ∩ 2<k = ∅, because of min{l(s): s ∈ An,m} n +m  k + 1. Moreover
we have An,m ∩ {s ∈ 2<ω: s ⊂ f for some f ∈ F } = ∅, because of F ∩ 〈An,m〉 = ∅. Consequently An,m ∩ C(k, F ) = ∅. Thus
An,m ⊂ W .
We take a function ϕ ∈ ωω such that {An,m: n ∈ ω,m ϕ(n)} is a π -network at ∞. We observe that {Un,m ∩ K : n ∈ ω,
m ϕ(n)} is an ω-cover of K . Let F ∈ [K ]<ω . Since {s ∈ 2<ω: s ⊂ f for some f ∈ F } is closed in S(K ), there are some n ∈ ω
and m ϕ(n) such that An,m ∩ {s ∈ 2<ω: s ⊂ f for some f ∈ F } = ∅. This implies F ⊂ Un,m .
(3) → (2). Let Pn (n ∈ ω) be a π -network at ∞ ∈ S(K ) of ﬁnite subsets. Without loss of generality, we may assume
that every member A ∈⋃{Pn: n ∈ ω} is a subset of 2<ω (i.e., ∞ /∈ A). Moreover, since Pn is a π -network at ∞, we may
assume that every A ∈ Pn satisﬁes min{l(s): s ∈ A}  n. We enumerate as Pn = {An,m: m ∈ ω}, where An,m = An,m′ if
m =m′ . For each n,m ∈ ω, let Un,m = Dω \ 〈An,m〉. For each n ∈ ω, we put Un = {Un,m ∩ K : m ∈ ω}. Then Un is a family of
open-and-closed subsets of K .
We observe that Un is an ω-cover of K . Let F ∈ [K ]<ω . Since the set {s ∈ 2<ω: s ⊂ f for some f ∈ F } is closed in S(K ),
there is a member An,m ∈ Pn such that An,m ∩ {s ∈ 2<ω: s ⊂ f for some f ∈ F } = ∅. This implies F ∩ 〈An,m〉 = ∅, in other
words F ⊂ Un,m ∩ K .
Suppose that there are a strictly increasing sequence {n j: j ∈ ω} ⊂ ω and mj ∈ ω ( j ∈ ω) such that K ⊂⋂{Un j ,mj : j ∈ ω}.
Then obviously K ∩〈An j ,mj 〉 = ∅ for all j ∈ ω. Since min{l(s): s ∈ An j ,mj } n j is assumed, every neighborhood of ∞ contains
An j ,mj for all but ﬁnitely many j ∈ ω. Thus we may assume K ⊂ Un,m for all n,m ∈ ω. We take a function ϕ ∈ ωω such that{Un,m ∩ K : n ∈ ω,m ϕ(n)} is an ω-cover of K .
We observe that {An,m: n ∈ ω,m ϕ(n)} is a π -network at ∞. Let W be an open neighborhood of ∞ ∈ S(K ). Then there
are some k ∈ ω and F ∈ [K ]<ω such that S(K ) \ W ⊂ C(k, F ). By Lemma 2.6, F is contained in inﬁnitely many members of
{Un,m ∩ K : n ∈ ω,m ϕ(n)}. Therefore there are a strictly increasing sequence {n j: j ∈ ω} ⊂ ω and l j  ϕ(n j) ( j ∈ ω) such
that F ⊂⋂{Un j ,l j : j ∈ ω}. Hence F ∩ 〈An j ,l j 〉 = ∅ for all j ∈ ω. Take n j with n j > k. Then An j ,l j ∩ C(k, F ) = ∅. This implies
An ,l ⊂ W . j j
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have a countable π -base. On the other hand, if K is a subspace of Dω which is homeomorphic to the space P of all
irrationals, PR(S(K )) is not selectively separable.
By Proposition 1.3(1), the following holds:
Lemma 3.5. For spaces X, Y , PR(X) × PR(Y ) is selectively separable if and only if PR(X ⊕ Y ) is selectively separable.
Example 3.6. Under b = d, there are selectively separable Pixley–Roy hyperspaces PR(X), PR(Y ) such that PR(X) × PR(Y ) is
not selectively separable.
Proof. Repovš and Zdomskyy [20, Theorem 3.3] gave subspaces X0, X1 of Dω such that every ﬁnite power of X0 and
X1 is Menger, but X0 × X1 is not Menger. We may assume X0 ∩ X1 = ∅ in Dω (i.e., X0 ∪ X1 = X0 ⊕ X1). Since X0 × X1
is not Menger, S(X0 ∪ X1) does not have countable fan-tightness for ﬁnite sets. We consider a map ϕ : S(X0 ∪ X1) →
S(X0) × S(X1) as follows: ϕ(s) = (s, s) if s ∈ 2<ω , and ϕ(∞) = (∞,∞). It is easy to see that this map is an embedding.
Therefore S(X0) × S(X1) does not have countable fan-tightness for ﬁnite sets. By Theorem 2.4, PR(S(X0) ⊕ S(X1)) is not
selectively separable. By Lemma 3.5, PR(S(X0)) × PR(S(X1)) is not selectively separable. 
4. Other countable spaces
Proposition 4.1. If X is a countable space with χ(X) < d, then w(PR(X)) < d. In particular, PR(X) is selectively separable.
Proof. Recall w(PR(X)) = χ(X) · |X | [22, Theorem 2(3)], hence w(PR(X)) < d. Since every countable space with π -weight <
d is selectively separable [24, Theorem 40], PR(X) is selectively separable. 
Corollary 4.2. If K is a nonempty subset of Dω with |K | < d, then PR(S(K )) is selectively separable.
Proposition 4.3. Let X be a countable space with χ(X) < b. Then PR(X) × Y is selectively separable for every countable selectively
separable space Y .
Proof. By Proposition 4.1, PR(X) is selectively separable. Using w(PR(X)) = χ(X) · |X |, we have w(PR(X)) < b. If a countable
space Z has π -weight less than b, then Z × Y is selectively separable for every countable selectively separable space Y [10,
Theorem 2.17]. Therefore we have our conclusion. 
Corollary 4.4. Let K , K ′ be nonempty subsets of Dω . If |K | < b and PR(S(K ′)) is selectively separable, then PR(S(K )) × PR(S(K ′)) is
selectively separable.
For each p ∈ ω∗ = βω \ ω, let X(p) = ω ∪ {p} be the subspace of βω. Let
u = min{|B|: B generates a free ultraﬁlter on ω}.
Consistently u < d holds: see Blass and Shelah [7]. If p ∈ ω∗ has a base B with |B| = u < d, then by Lemma 4.1 PR(X(p))
is selectively separable. On the other hand, we recall that X(p) has countable fan-tightness if and only if p is a P -point in
ω∗ [2, Proposition 2]. Hence if p is a non-P -point (a non-P -point exists in ZFC [28]), PR(X(p)) is not selectively separable.
Moreover, if there is no P -point in ω∗ [27], PR(X(p)) is not selectively separable for any p ∈ ω∗ . Thus we have the following:
Proposition 4.5. It is independent of ZFC that PR(X(p)) is selectively separable for some p ∈ ω∗ .
For a free ﬁlter F on ω, let X(F) = ω ∪ {∞} be the space with the following topology: every point of ω is isolated, and
a neighborhood of the point ∞ is of the form A ∪ {∞}, A ∈ F .
A free ﬁlter F on ω is said to be rapid [4] if for every function f ∈ ωω there is a member A ∈ F such that |A∩ f (n)| n
for all n ∈ ω. It is easy to see that F is rapid if and only if the set { f A: A ∈ F} is a dominating family in ωω , where f A is
the enumeration of A.
Proposition 4.6. Let F be a free ﬁlter on ω. If PR(X(F)) is selectively separable, then F is not rapid.
Proof. We show that the set { f A: A ∈ F} is not a dominating family in ωω . Let Pn = {P : P ⊂ ω, |P | = n + 2} (n ∈ ω).
Obviously each Pn is a π -network at ∞. Since X(F) has countable fan-tightness for ﬁnite sets, there are subfamilies
{Pn,0, . . . , Pn,kn } ⊂ Pn (n ∈ ω) such that {Pn,m: n ∈ ω,m kn} is a π -network at ∞. Let g ∈ ωω be the function deﬁned by
g(n) = max(Pn,0 ∪ · · · ∪ Pn,kn ) for n ∈ ω. For each A ∈ F , we can take a strictly increasing sequence {n j: j ∈ ω} ⊂ ω and
mj  kn j ( j ∈ ω) such that
⋃{Pn j ,mj : j ∈ ω} ⊂ A. Then we have f A(n j) <max Pn j ,mj  g(n j) for all j ∈ ω. Thus { f A: A ∈ F}
is not dominating. 
M. Sakai / Topology and its Applications 159 (2012) 1591–1598 1597Corollary 4.7. Let p ∈ ω∗ . If PR(X(p)) is selectively separable, then p is a P -point which is not rapid.
5. Some analogous results on R-separability
Deﬁnition 5.1. ([5]) A space X is R-separable if for every sequence {Dn: n ∈ ω} of dense subsets of X , there are points
xn ∈ Dn (n ∈ ω) such that {xn: n ∈ ω} is dense in X .
R-separability was ﬁrst introduced and studied in Scheepers [24]. Obviously every space with a countable π -base is R-
separable, and every R-separable space is selectively separable. We have some analogous results on R-separability of PR(X).
The proofs of them can be done by the same arguments as in the preceding sections, so we omit the proofs.
A space X is said to have countable strong fan-tightness [21] if whenever An ⊂ X and x ∈ An (n ∈ ω), there are points
xn ∈ An (n ∈ ω) such that x ∈ {xn: n ∈ ω}.
Deﬁnition 5.2. A space X has countable strong fan-tightness for ﬁnite sets if for each point x ∈ X and a sequence {Pn: n ∈ ω} of
π -networks at x consisting of ﬁnite subsets of X , there are members Pn ∈ Pn (n ∈ ω) such that {Pn: n ∈ ω} is a π -network
at x.
Theorem 5.3. For a space X, the following are equivalent:
(1) PR(X) is countable and has countable strong fan-tightness;
(2) every subspace of PR(X) is R-separable;
(3) PR(X) is R-separable;
(4) X is countable and every ﬁnite power of X has countable strong fan-tightness for ﬁnite sets.
According to [23], a space X is said to be Rothberger if for every sequence {Un: n ∈ ω} of open covers of X , there
are members Un ∈ Un (n ∈ ω) such that {Un: n ∈ ω} is a cover of X . The space Dω is not Rothberger, because it is not
strong measure zero. It is known [21] that every ﬁnite power of a space X is Rothberger if and only if for every sequence
{Un: n ∈ ω} of open ω-covers of X , there are members Un ∈ Un (n ∈ ω) such that {Un: n ∈ ω} is an ω-cover of X .
Theorem 5.4. For a nonempty subset K ⊂ Dω , the following are equivalent:
(1) PR(S(K )) is R-separable;
(2) S(K ) has countable strong fan-tightness for ﬁnite sets;
(3) every ﬁnite power of K is Rothberger.
Thus PR(S(Dω)) is selectively separable, but not R-separable. If X is an uncountable subset of Dω such that every ﬁnite
power of X is Rothberger, then PR(S(K )) is R-separable, but does not have a countable π -base.
Under CH, Scheepers [25, Theorem 13] gave spaces X0, X1 ⊂ Dω such that every ﬁnite power of X0 and X1 is Rothberger,
but X0 × X1 is not Menger. Hence we have the following:
Example 5.5. Under CH, there are R-separable Pixley–Roy hyperspaces PR(X), PR(Y ) such that PR(X) × PR(Y ) is not selec-
tively separable.
Proposition 5.6. For any p ∈ ω∗ , PR(X(p)) is not R-separable.
Proof. For each n ∈ N, the family Pn = {P : P ⊂ ω, |P | = 2n} is a π -network at p. Let Pn ∈ Pn (n ∈ N). Then we can take
distinct points xn, yn ∈ Pn \ (P1 ∪ · · · ∪ Pn−1). Since {{xn: n ∈ N},ω \ {xn: n ∈ N}} is a partition of ω, {xn: n ∈ N} ∈ p or
ω \ {xn: n ∈ N} ∈ p. In the both cases, {Pn: n ∈ N} cannot be a π -network at p. Thus X(p) does not have countable strong
fan-tightness for ﬁnite sets. Consequently, by Theorem 5.3 PR(X(p)) is not R-separable. 
6. Connections with Daniels and Scheepers’ results
According to Daniels [8], a space X is said to be weakly Hurewicz (resp., weakly C ′′) if for every sequence {Un: n ∈ ω} of
open covers of X , there are ﬁnite subfamilies Vn ⊂ Un (resp., members Un ∈ Un) (n ∈ ω) such that ⋃{⋃Vn: n ∈ ω} (resp.,⋃{Un: n ∈ ω}) is dense in X . According to Scheepers [26], a space X is said to have property S f in(D,D) (resp., S1(D,D))
if for every sequence {Un: n ∈ ω} of open families of X such that each ⋃Un is dense in X , there are ﬁnite subfamilies
Vn ⊂ Un (resp., members Un ∈ Un) (n ∈ ω) such that ⋃{⋃Vn: n ∈ ω} (resp., ⋃{Un: n ∈ ω}) is dense in X .
Concerning these properties, Daniels and Scheepers gave the following results on Pixley–Roy hyperspaces.
1598 M. Sakai / Topology and its Applications 159 (2012) 1591–1598Theorem 6.1. ([8, Theorems 2A, 2B, 5A and 5B]) For a metrizable space X, the following are equivalent:
(1) Every ﬁnite power of X is Menger (resp., Rothberger);
(2) PR(X) is weakly Hurewicz (resp., weakly C ′′).
Theorem 6.2. ([26, Corollaries 11 and 24]) For a subset X of the real line, the following are equivalent:
(1) Every ﬁnite power of X is Menger (resp., Rothberger);
(2) PR(X) has property S f in(D,D) (resp., S1(D,D)).
Combining these results with Theorems 3.4 and 5.4 in this paper, we have:
Theorem 6.3. For a nonempty subset K ⊂ Dω , the following are equivalent:
(1) PR(S(K )) is selectively separable (resp., R-separable);
(2) PR(K ) is weakly Hurewicz (resp., weakly C ′′);
(3) PR(K ) has property S f in(D,D) (resp., S1(D,D)).
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